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Circular polarization excitation and detection of 14N NQR sig-
nal are reported. A theoretical model is presented in terms of
fictitious spin-1/2 operators and is compared to experiments per-
formed on a powder crystalline sample of RDX. It is shown that in
spin-1 systems with finite asymmetry—unlike previously reported
NMR and symmetric spin-3/2 NQR systems (Chen et al., J. Magn.
Reson. 54, 324–327, 1983; Weber and Hahn, Phys. Rev. 120,
365–375, 1960)—the circular polarization nature of the signal is
due to powder orientation effects in polycrystalline samples. Sen-
sitivity improvements up to a factor of =2 are reported using the
same hardware and switching modes from linear polarization to
circular polarization; this also is shown to result from the poly-
crystalline nature of the samples. © 2001 Academic Press

1. INTRODUCTION

Circular polarization (CP) excitation was first used in N
to show that transitions between double degenerateDm 5 61
transitions in an axially symmetric spin-3/2 system could
independently excited by switching the circular polarity of
excitation field (8). It was later shown that in NMR, by inco
porating CP detection and excitation, the power requirem
could be reduced by a factor of 2 while the sensitivity
increased by a factor of=2 (3). Subsequently, birdcage c
designs which provide homogeneous RF intensities whil
corporating quadrature excitation modes have been w
used in NMR imaging (4, 5). This increase in excitation ef
ciency and sensitivity is shown to be a direct result of
inherent circular polarization nature of NMR signals. In p
NQR, however, the signal is inherently linearly polarized1).
In addition, the effective excitation field depends on the r
tive orientation of the electric field gradient (EFG) princi
axis system (PAS) frame and excitation field in the coil. T
in NQR, unlike NMR, it is not at all obvious that circu
polarization excitation will result in a circularly polariz
signal or that there would be any improvements in the sig
to-noise ratio (SNR). Researchers at the Naval Research
oratory, however, have recently reported improved sensi
in 14N NQR using a birdcage coil tuned to CP excitation
detection (6).

In this report, we present theoretical calculations, comp
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simulations, and experimental results examining CP excit
in spin-1 NQR and how it compares with linear polariza
(LP) excitation. We show that both the CP nature of the si
and the increased SNR are due to the powder orient
effects in a polycrystalline system. All experiments reporte
this paper are of14N NQR from a powder crystalline sample
RDX (hexahydro, 1,3,5-trinitro, 1,3,5-triazine: C3H5N6O6).
Signal amplitudes are compared between numerical sim
tions and single-pulse and two-pulse spin echo experime

2. THEORY

The theory presented in this section will use the fictit
spin-1/2 operators introduced by Vega and Pines (7) and mod
ified for NQR by Cantor and Waugh (2). The notations an
conventions used will follow closely those of Ref. (2). Two
frames of reference are designated: {x9, y9, z9} for the labo-
ratory frame and {x, y, z} for the EFG PAS frame. Th
angular momentum spin operators in these respective fr
are then designated as {I x9, I y9, I z9} and { I x, I y, I z}.

In the EFG PAS frame, the nuclear quadrupole Hamilto
HQ may be written as

HQ 5
1

3
vQF3I z

2 2 I ~I 1 1! 1
h

2
~I 1

2 1 I 2
2 !G , [1]

where the strength of the quadrupole coupling constant is
by vQ. Substituting for the fictitious spin-1/2 operators defi
in the appendix,HQ may be written in three equivalent form

HQ 5 v p
aI p,3 1 v p

bI p,4, p 5 x, y, z, [2]

here

v x
a 5 vQ~3 1 h!/3, v x

b 5 2vQ~1 2 h!/3, [3]

v y
a 5 2vQ~3 2 h!/3, v y

b 5 2vQ~1 1 h!/3, [4]

v z
a 5 22vQh/3, v z

b 5 2vQ/3. [5]
1090-7807/01 $35.00
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356 LEE, ROBERT, AND LATHROP
The set of frequenciesv p
a corresponds to the three spin-1 N

transition frequencies.
The RF Hamiltonian written in the lab frame consists of

orthogonalB1 fields along thex9 and y9 directions, with the
two components oscillating with frequencyv and a relativ
phasefr:

H RF
Lab~t! 5 v1@cos~vt!I x9 1 cos~vt 1 f r!I y9#. [6]

The nutation frequency is defined as

v1 5 gNB1, [7]

wheregN is the gyromagnetic ratio of14N andB1 is the strengt
of the RF magnetic field. Such fields may be created by u
two independent coils or a single coil such as a birdcage
where two orthogonal modes can be excited with a w
defined relative phase.

Using the fictitious spin-1/2 operator definitions in the
pendix and a coordinate transformation from the laborato
the EFG PAS frame, the RF Hamiltonian may be written

HRF~t! 5 2v1$@R11cos~vt! 1 R12cos~vt 1 f r!#I x,1

1 @R21cos~vt! 1 R22cos~vt 1 f r!#I y,1

1 @R31cos~vt! 1 R32cos~vt 1 f r!#I z,1%, [8]

here the variablesRij are the elements of a general rota
matrix that define the orientation of the EFG PAS frame
respect to the laboratory frame. The rotation matrix ma
written using the Euler anglesa, b, and g as consecutiv
rotations about thez9, y9, andz9 axes in the laboratory fram

R~a, b, g! 5 Rz9~a! Ry9~b! Rz9~g!, [9]

here

Rz9~a! 5 F cosa sin a 0
2sin a cosa 0

0 0 1
G , [10]

Ry9~b! 5 Fcosb 0 2sin b
0 1 0

sin b 0 cosb
G , [11]

Rz9~g! 5 F cosg sin g 0
2sin g cosg 0

0 0 1
G . [12]

Under RF radiation, the isolated spin NQR system is
scribed by the total Hamiltonian,

H~t! 5 H 1 H ~t!. [13]
Q RF
g
il,
l-

-
to

h
e

-

he Hamiltonian may be approximated in an interaction fr
here the main Hamiltonian termHQ has been removed. Usi

the transformation operator

U~t! 5 e2iHQt, [14]

the Hamiltonian in the interaction frame becomes

H̃~t! 5 U~t! 21H~t!U~t! 2 iU ~t! 21
d

dt
U~t! [15]

5 U~t! 21HRF~t!U~t!. [16]

From the commutation rules in Eq. [44], the interac
rame transformation of theI p,1 operators, wherep 5 { x, y,
z}, can be shown to be

eiHQtI p,1e
2iHQt 5 I p,1cos~v p

at! 2 I p,2sin~v p
at!. [17]

his transformation shows that, in the interaction frame, a
agnetic field applied along thep PAS frame axis will lead t

ime-independent or “on resonance” terms only atv p
a radiation

requencies. Furthermore, the dynamics will also be con
o operators within the “p” subspace. Thep axis when radia
ing on resonance atv p

a will be referred to as the “excitatio
axis.” For simplicity, we assume that the RF field is be
applied along thez axis at thev z

a resonance frequency; the fin
results are the same for radiation along the other two ax
their respective resonant frequencies but with more com
cated functional forms for the signals. The effective Ham
nian in the interaction frame can then be approximate
lowest order as the time averaged Hamiltonian:

H̃# 5 v1sin b@cosgI z,1 1 sin g~I z,1cosfr 1 I z,2sin fr!#.

[18]

Using the same coil system for detection, the signals fo
two modes alongx9 and y9 are detected independently
quadrature. Quadrature detection requires two observable
out of phase for each of the two detection modes. Writte
complex notation, the observables in the lab frame for the
RF modes become

O1
Lab~t! 5 I x9@cos~vt! 1 i sin~vt!#,

O2
Lab~t! 5 I y9@cos~vt! 1 i sin~vt!#, [19]

where the subscripts 1 and 2 correspond, respectively, t
RF modes with theB1 along thex9 and y9 lab frame axes
Following arguments similar to those used to obtainH̃# in

q. [18], the time-independent observables in the intera
rame with v 5 v z

a may be written using fictitious spin-1
operators as
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357CIRCULAR POLARIZATION NQR
Õ1 5 sin b cosg~I z,1 2 iI z,2!,

Õ2 5 sin b sin g~I z,1 2 iI z,2!. [20]

The signal in each of the modes is then defined as

Si~t! 5 tr@r̃~t!Õi#, [21]

where r̃(t) is given by the evolution of the initial dens
operatorr̃0 under the effective Hamiltonian:

r̃~t! 5 e2iH̃# tr̃0e
iH̃# t. [22]

3. EXAMPLES

Using the formalism from the previous section, we will n
consider specific calculations of CP and LP excitation sig
and examine their dependence on the orientation of the
tation fields and their relative SNR. The Euler angleg can be
nterpreted as the orientation of the projection of the excita
xis (thez axis in our examples) on to the laboratoryx9 2 y9

plane, and it is the signal dependence ong that is fundamen
tally different in CP and LP cases.

Circularly polarized excitation fields may be obtained
setting

f r 5
p

2
. [23]

he effective Hamiltonian in the interaction frame then
omes

H̃# 5 v 1
CP@I z,1cosg 1 I z,2sin g#, [24]

where

v 1
CP 5 v1sin b [25]

is the effective nutation frequency for CP excitation. In
high temperature approximation, given thatI z,4 does not par-
ticipate in the dynamics, the initial density operator can
assumed to be

r̃0 5 I z,3. [26]

The time evolution of the density operator then becomes

r̃~t! 5 I z,3cos~v 1
CPt! 1 @I z,1sin g 2 I z,2cosg#sin~v 1

CPt!,

[27]

nd the signals in the two modes given by Eq. [21] ma
ritten as
ls
ci-

n

-

e

e

e

S1
CP~t! 5

i

2
sin b cosge2igsin~v 1

CPt!,

S2
CP~t! 5

i

2
sin b sin ge2igsin~v 1

CPt!. [28]

Both S1
CP(t) and S2

CP(t) have ag dependence in the sign
amplitude and phase with the phase being identical in bo

f 5
p

2
2 g. [29]

Thus the signal from CP excitation of a single crystal sam
with any orientation islinearly polarizedrather than circularl
polarized with the axis of linear polarization along the exc
tion axis. However, because the phase and amplitude o
single crystal signal vary with the orientation of thez axis
projection on thex9 2 y9 plane, even though each crystal
contributes a linear polarized signal, combinations of cry
lite signals can result in a signal that is circularly polariz
Table 1 lists the signal amplitudes for CP excitation in e
coil for three differentg orientations. The signalsS1(t) and
S2(t) from crystallites withg 5 0 andg 5 p/2 are out of phas
by 90°; thus their combined signal, as well as the comb
signal of any crystallite pair with a difference ing of 90°, will
result in a circularly polarized signal. The circular polariza
nature of a powder crystalline sample may be shown by
grating the signals in Eq. [28] overg. Defining theg integrated
signal as

^Si&g 5
1

2p E
0

2p

Sidg, [30]

we obtain

^S1&g 5
i

4
sin b sin~v 1

CPt!,

^S2&g 5
1

4
sin b sin~v 1

CPt!, [31]

TABLE 1
Circular Polarization Excitation

g S1 amplitude S2 amplitude v1eff

0
i

2
sin b 0 v1sinb

p/4
1

4
~1 1 i !sin b

1

4
~1 1 i !sin b v1sinb

p/2 0

1

2
sin b

v1sinb
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358 LEE, ROBERT, AND LATHROP
with the full powder averaged signal for each mode given b
additional integral overb,

^Si&g,b 5
1

2 E
0

p

^Si&gsin bdb. [32]

he signals for the two orthogonal modes in Eq. [31] are
ut of phase from one another, showing that theg average

NQR signal (and consequently the full powder averaged
nal) from CP excitation iscircularly polarized.

The signal from LP excitation may be calculated eithe
setting the phases on the two orthogonal coils to be equal
removing one of the coils (or disconnecting one of the
modes). If we remove the coil along they9 direction, the
effective Hamiltonian becomes

H̃# 5 v 1
LP1I z,1, [33]

where

v 1
LP1 5 v1sin b cosg. [34]

he density operator and signal for the single coil lin
olarization system may then be calculated as

r̃~t! 5 I z,3cos~v 1
LP1t! 2 I z,2sin~v 1

LP1t!, [35]

S1
LP~t! 5

i

2
sin b cosg sin~v 1

LP1t!. [36]

Alternatively, if we keep both coils and set the phase off
n the coils to be

f r 5 0, [37]

the effective Hamiltonian and observable may be written

H̃# 5 v 1
LP2I z,1, [38]

TABLE 2
Dual Coil Linear Polarization Excitation

g S1 amplitude S2 amplitude v1eff

0
i

2
sin b 0 v1sin b

p/4
i

2Î2
sin b

i

2Î2
sin b =2 v1sin b

p/2 0

i

2
sin b

v1sin b
n

°

g-

y
by
il

r

ts

where

v 1
LP2 5 v1sin b~cosg 1 sin g!. [39]

he density operator then becomes

r̃~t! 5 I z,3cos~v 1
LP2t! 2 I z,2sin~v 1

LP2t!, [40]

nd signals for the two modes may be written as

S1
LP~t! 5

i

2
sin b cosg sin~v 1

LP2t!,

S2
LP~t! 5

i

2
sin b sin g sin~v 1

LP2t!. [41]

As in the case for CP excitation, the single crystal signa
the two channels for dual mode LP excitation have iden
phases so both single and dual mode LP excitation res
linearly polarized signals for a given orientation. Unlike
case for CP excitation, however, the phases of the signals
two coils for dual mode LP excitation are independen
crystallite orientation; thus the NQR signal will remain linea
polarized even for the powder averaged signal.

We will now examine the nutation frequencies and rela
SNRs for single crystal orientations. The signal amplitudes
time-independent components of the signals) and the effe
nutation frequencies for differentg orientations are listed
Tables 1–3.

For single coil LP excitation, the maximum effective nu
tion frequencyv1eff 5 v1sin b is obtained forg 5 0, while for
the double coil system, the maximumv1eff 5 =2 v1sin b, is
obtained forg 5 p/4. For CP excitation, the effective nutat
frequencyv1eff 5 v1sin b is independent ofg. Thus, given
single crystal sample, an orientation can be found wher
nutation rate is a factor of=2 larger for LP excitation com
pared to CP excitation for the same power input. This is a d
result of the inherent LP nature of NQR and is converse of
is observed in NMR where the inherent CP nature of NMR re
in a =2 increase in nutation frequency for CP excitation.

Likewise, the maximum signal intensities for LP excitat
are obtained atg 5 0 andg 5 p/4 for the single and dual mo

TABLE 3
Single Coil Linear Polarization Excitation

g S1 amplitude S2 amplitude v1eff

0
i

2
sin b 0 v1sin b

p/4
i

2Î2
sin b 0

1

Î2
v1sin b

p/2 0 0 0
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359CIRCULAR POLARIZATION NQR
cases, respectively. Although the maximum signal intens
larger by =2 in the dual mode case, since the noise
ncreases equally, the overall maximum SNR stays the s
or CP excitation, the maximum signal is obtained atg 5 p/4
ith signals in both the real and the imaginary channels

his orientation, the complex magnitude of the signal ampli
s identical to the magnitude of the maximum dual mode
xcited signal amplitude; thus the maximum CP excited

or a single crystal is the same as those of the LP excit
ases.
The improvements in sensitivity then come from avera

ignals from a polycrystalline sample. Figure 1 shows s
ated curves of powder averaged signal amplitudes as a
ion of the RF excitation pulse width usingv1/2p 5 984 Hz.
The signal amplitude axis is normalized to the maximum si
obtainable for a single crystal with the same number of nu
The LP and CP modes were switched by changingfr in Eq.
[6]. For a powder sample, signals for both LP and CP ex
tion can be detected in only one of the two complex chan
The signals from both excitation modes alongx9 and y9 are
combined to obtain the final signal amplitudes. The maxim
amplitudes for the circular and linear polarization experim
are 0.53 and 0.44, respectively, corresponding to a re
signal amplitude (and SNR) of;1.2. The optimum pulse fo
CP excitation, however, was longer by about 15%; thus
for a powder sample, the shorter optimum pulse widths
served in CP NMR are not seen in NQR.

4. HARDWARE

A coil design commonly used in NMR to produce and de
circularly polarized signals is the birdcage coil. The implem
tation of the coil and other hardware components will

FIG. 1. Simulated powder averaged signal amplitudes for (F) CP and (h)
LP excitation as a function of the RF excitation pulse width forv1/2p 5 984
Hz. The signals from both excitation modes are combined to obtain the o
signal intensities. The signals are normalized to the maximum signal o
able from a single crystal with the same number of nuclei.
is
o
e.

or
e

P
R
n

g
-
c-

al
i.

-
ls.

m
ts
ve

n
b-

t
-

e

described briefly in this section; further details will be p
sented in a later publication. The low pass version of
birdcage coil is shown schematically in Fig. 2. The low p
design was chosen for our application because at the RD14N
NQR frequencies ranging from 1.9 to 5.2 MHz, fewer cap
itors would be required compared to other designs. The nu
of legs can be any even number greater than four, with
legs producing more uniform fields at the cost of gre
complexity. An eight-leg design, which is the simplest de
that allows fairly easy asymmetry compensation, was ch

The coil has overall dimensions of 32.8 cm in diameter
45.5 cm in length. These dimensions follow approxima
those used for coil designs in our current research on
package scanners for explosive detection. Two circular s
of copper at each end of the coil are connected by linear co
strips joined by capacitors. The width of these strips, 6.4
was determined by two- and three-dimensional finite ele
modeling to maximize the coilQ at 3.4 MHz. The modelin
work showed that our coil should obtain aQ of 870; a similarly
sized solenoid coil would achieve aQ of 1600.

In order to achieve the highestQ possible, the birdcage co
is constructed from sheet copper and low loss porcelain c
itors. A cylindrical copper shield with a diameter of 65.5
(twice the coil diameter) is centered around the coil.
bottom is sealed with a circular sheet of copper and the t
sealed with a removable sheet of copper to allow access
coil center. Guides are then installed to position the coil in
center of the shield and to maintain symmetry. The two
thogonal modes of the birdcage coil are inductively couple
two small coils connected to feedthrough BNC connec
placed on the shield separated by 90°. By changing the siz
position of these coupling coils, the impedance matching o
two modes to the external connections can be adjusted. A
Q of 800 was measured for the full coil system which
slightly lower than the numerical predictions.

A schematic of the spectrometer is shown in Fig. 3.
spectrometer including the pulse programmer, data acqui
board, and pulse programming software were all develop
Quantum Magnetics, Inc. A 200-MHz Pentium II based ind

FIG. 2. Low pass birdcage coil schematics shown in side and top v
The coil design uses copper strips for two circular conductors the eight
capacitor rungs. The RF is inductively coupled to the main coil whic
encased in a copper RF shield.

all
in-
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360 LEE, ROBERT, AND LATHROP
trial PC using the QNX operating system is used to run
spectrometer software. The circularly polarized field is
duced by driving the two modes of the birdcage coil in qua
ture. This is done by using a quadrature hybrid (Fig. 4) betw
the high power RF amplifier and the coil. Terminals C1 and
of the hybrid are connected throughl/4 duplexers to th
inductive coupling coils inside the RF shield. To drive
birdcage coil in LP mode, the C2 terminal and one of
coupling coils are both terminated by 50-V loads; the RF

ower from C1 then drives one of the birdcage coil modes.
pectrometer used for the experiments discussed in this
ncorporated only one ADC; thus the signals from the two

odes are detected in consecutive experiments and then
ined.

5. EXPERIMENTAL AND SIMULATION RESULTS

The experiments were run on a plasticized powder cry
line sample of RDX placed at the center of the shie
birdcage coil tuned to 3.41 MHz. Circular polarization exc
tion was induced by driving the two modes of the birdcage
in quadrature; linear polarization excitation was induced
driving only one of the two modes. By measuring theB1 field
amplitudes in CP mode using a small coupling coil place
the center of the birdcage coil, we obtainedv1/2p 5 984 Hz

FIG. 3. Circular polarization spectrometer. A quadrature hybrid pla
after the high power amplifier splits the RF power to drive the two mod
the birdcage coil. A switch is used to acquire the signals from the two cha
in sequential experimental scans.

FIG. 4. Quadrature hybrid. The RF input is at the T terminal. The ou
F at the C1 and C2 terminals has a relative phase shift of 90°. To dri
irdcage coil in LP mode, a 50-V load is placed at C2 terminal, and only
1 terminal is connected to the coil.
e
-
-
n

2

e

e
per
P
m-

l-
d
-
il
y

at

(B1 5 3.2 G). For CP excitation the signals from the
modes were acquired separately.

The simulations used the density operator dynamic e
tions of Eqs. [27] and [35]. Inhomogeneous dephasing fro
800-Hz Lorentzian distribution was included during the
pulses and free evolution time periods. Relaxation with pa
etersT1 5 16 ms andT2 5 8 ms was included during the tim
evolution delays.

Figure 5 shows the experiment and simulation results
single pulse LP and CP excitation experiments. For the
results the signal from only one of the two channels is plo
The maximum CP signal intensity is lower compared to
maximum LP signal; however, by combining the CP sig
from the two channels, a final SNR gain of 1.2 is observe
CP excitation.

A two-pulse sequence was used to excite the echo s
The optimum FID excitation pulse (300ms for CP and 350ms
or LP) was used for the initial pulse. Following a free evo
ion delay of 1.5 ms, a second pulse refocused the signa
n echo. A two-step phase cycle was used where the ph

he first pulse was shifted in consecutive scans byp; this
allowed phase cycling to remove the FID signal while kee
the echo signal. Figure 6 shows the echo signal amplitude
function of the refocusing pulse width. Unlike the case of
FID signal intensities, the maximum CP excitation echo si
in one of the two CP channels is equal in intensity to the
excitation echo amplitude. Combining the two CP channel
overall increase of=2 in SNR can be obtained for CP ex
tation.

For both the FID and the echo experiments, CP excita
used twice as much power as LP excitation. Thus, as

d
f
ls

t
he

FIG. 5. Experimental and simulated signal amplitudes for a single p
CP and LP excitation. The symbols indicate the experimental signal ampl
for (F) CP and (h) LP; the curves are simulated. The LP signal was ind
and detected by removing one of the two channels. The CP signal was in
using both channels driven in quadrature. The plot shows the CP
acquired from one of the two channels. The simulations usedv1/2p 5 984 Hz
for both LP and CP modes.
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361CIRCULAR POLARIZATION NQR
tioned previously, for the same RF power levels, the optim
pulses for LP excitation would be slightly shorter compare
those of CP excitation.

In all cases there is excellent agreement between exper
and simulation in the overall excitation profile curve shape
amplitude. We found, however, that although we meas
v1/2p 5 984 Hz, the LP simulated curve for echo amplitu
better fit the experimental points if we usedv1/2p 5 1046 Hz
This change inv1 mainly results in an overall shift of the cur
along the pulse width axis with no noticible change in
shape of the curve. We attribute this discrepancy to varia
in the high power 50-V loads used for terminating the quad
ure hybrid in going to LP mode.

6. CONCLUSIONS

We have shown that in NQR, the generation of CP si
is due to the powder orientation dependence of the effe
excitation field. For a single crystal sample, analytical
numerical calculations show that CP excitation results i
LP signal; a powder average over one of the Euler angg
is required to obtain a CP NQR signal. This result dif
from what has previously been reported for NMR and
ally symmetric spin-3/2 NQR systems where CP excita
results in a CP signal for both powders and crystals.
increase in SNR in CP excitation is also a result of pow
averaging and is dependent on the pulse sequence i
mented. Experiments and simulations have shown incre
of 1.2 and 1.4 for the FID and echo signals, respectiv
from a powder crystalline sample. Unlike NMR, howev
pulse widths for optimum NQR excitation at a set RF po
level increasefor CP excitation. In practical application

FIG. 6. Experimental and simulated echo signal amplitudes for two p
CP and LP excitation. The symbols indicate the experimental signal ampl
for (F) CP and (h) LP; the curves are simulated. A delay of 1.5 ms was
between the two pulses. The excitation and detection were done in the
manner as for the single pulse FID experiment. The simulations usedv1/2p 5

84 Hz for CP mode andv1/2p 5 1046 Hz for LP mode.
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gains in SNR from CP excitation must be weighed aga
the loss in Q in coil designs that would allow for C
excitation and detection, since the solenoid coil des
used for LP excitation in general will have higherQ values
han any other coil design.

APPENDIX

The fictitious spin-1/2 operators (2) are defined as

I x,1 ;
1

2
I x, I y,1 ;

1

2
I y,

I x,2 ;
1

2
~I yI z 1 I zI y!, I y,2 ;

1

2
~I xI z 1 I zI x!,

I x,3 ;
1

2
~I z

2 2 I y
2!, I y,3 ;

1

2
~I x

2 2 I z
2!,

I x,4 ;
1

2
~I y,3 2 I z,3!, I y,4 ;

1

2
~I z,3 2 I x,3!,

I z,1 ;
1

2
I z,

I z,2 ;
1

2
~I xI y 1 I yI x!,

I z,3 ;
1

2
~I y

2 2 I x
2!,

I z,4 ;
1

2
~I x,3 2 I y,3!, [42]

here

I x,3 1 I y,3 1 I z,3 5 0. [43]

They have the following commutation relations:

@I p,i, I p, j# 5 iI p,k, i , j , k cyclic

@I p,i, I p,4# 5 0 [44]

and trace property:

tr@I p,i I p,i# 5
1

2
, i 5 1, 2, 3. [45]
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